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ABSTRACT

At nrigLe 4 e eermingtion of parameter values in the equations
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INTRODUCT ION

The solution to a mathematical theory may take a variety of forms in-
cluding solutions which can be described in closed form or numerical
solutions which require a complex digital computer program if closed
form solutions cannot be derived. Regardless of the type of solution
obtained, there are usua'ly a number of unknowns or crudely estimated
physical parameter values. In any case, some method cf finding the
set of parameter values is needed such that the model results will
"best" fit observation. One technique for finding these "best" values
is least-squares curve fitting. Closed form solutions can be fitted
by one of several methods to give the best fit to the data by the lcasv-
squares criterion. Unlike the closed form fype of solution, complex
numerical solutions are not easily adapted fo teast-squares curve fit-
ting.

In theory it should be possible To invert the mcdel and use the data
to evaluate the unknown parameter values. One simple method might Le
to run the computer program using different input parameters, observ-
ing the variation in the output so as fTo make a subjective estimate
of the best values. Repeated trials could narrow down the range of
values, but the =zxpenditure of individual effort and costly computer
time would be undesirable for other than the simptest models.

This report describes a ftechnique which determines the "best" para-
meter values, in a least-squares sense, for a computer simuiation of
a complex physical process by using the program, field data, and a
variation of the differential corrections least~squares curve-fitting
method.

THEORY

Suppose that a mode! of an observed natural phenomenon exists and that
to be able to rely fully upon the results that the mode! can supply,
several paramefers require numerical estimates. One way 1o determine
the best values for these empirical constants is to take date of the
physical process, invert the model solution, and sclve for the unknown
parameters. Where complications arise in the execution of this method,
least-squares curve fitting can be used to recover the parameter values
which give the "best'" estimates in a least-squares sense.

With data in the form (x;, yi), i =1,2,3, ...N, one seiects a modgel,
i.e., a function Fi(x; a;, ap, ... 3y’ of x and M undetermined para-
meters a., | 1,2,3, ...M such that Flx;; Bl Aoy ees aym) will best
fit the aafa points yij, 1 = 1,2,3 ...N. The "best" set of values for
the 3, j = 4,2, ...M, in a least-squares sense will be found when



Lot it shuares o f the Jifferences in the functional evaluation
is s orminimum over all The data points (xj, vil,
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is s oriric,~, Most methods of least-squares curve titting will speci-
fy the ‘oo of F owhicn ic ‘o be used as the model. The curve-fitting
raonmiee 2¢ differential corrections [1-3] reguires no special form
for the model function F<Xi; Bpr Bps e aM). Restrictions on the pro-

certies of Foare:
' F must be a single-valued function of x and of the M
parameters aj.

&Y F must be differentiable with respect to the M para-
meters a..

ce-ause Jifferential corrections technigue does not specify the form
of the function F to be used, F may assume the form of a sequence cf
cperaticns in a digite! computer program. Most computer numericat
solutiors to equations describing a physica! process behave as func-
tions in that there exists an independent variable, say x, such that
*he numerical solution given by the digital computer program can be
rezarded as a single-valued function of x, and the dependent variable(s)
will usuglly be differentiable in one or more model parameters. It
should then pe possicle to use a computer program as a function F in
such a way that the methods of least-saquares curve fitting can be
acolied tc F. This report describes a method of accomplishing this,
saving *the excessive lator and costly computer tire involved in a
trial-and-error approach.

The method of differential corrections and its application to the
least-sauares curve fitiing of a computerized mathematical model

sclu*icr will be discussed btelow.
Siven the set of dats points (xj, y;) 1 = 1,2,3, ...N, let the differ-
ence befween fthe function value F(x;; a;, ap, ... aM) and the data
coint v; ve zalled the residual v; where
v.o= Fla By e - y.. )
/i i O g aM) Yi
et fit oy sre jeast-sgquares criterion will be obtained when the
caetoreice atues o, o= 1,2, L00d, agive a minimum for

-



The values for the a.'s can te found by the solution c¢f the followinn
set of simultaneous équafions:

N
3 2
ECTA I
I oi=|
N
%z\,f:o, , (0
2 i=1
N
i E"izzo
M =1

When F is represented by a digital computer program, the equations can-
not be solved directly, and an iterative scheme must be used.

let uj = as + bda. where the superscript o refers to first appro§ima—
tions so Tﬂaf thd sa.'s are the corrections needed to force Tv.< 1o
a minimum. Writing équafion (1) with F(x; a? + bay, 8% + tog,
ag + Aay,) expanded in a Taylor series, we have -

o o ¢} BFI 5FI
v, = Fix.; a ... + AQ ——t+ la———
i i+ a8 U S s
2a o,
! Z
aFi aF .
+ Aa7——g Foees Py -yt (higher crder terms)., {F
- ~
3a a
3 "M
Assuming a sufficiently close estimate on the initisl aprroximations .Y,
the higher order terms will be neglected. Defining R, as the recigus:
Ri = \ AT F? where F? = F(xi; a?, ag, e uﬁ) equaticn {(3Y C.n Lo
written
afF . aF ., AF, A
V. o® Aa—— 4 f8 — + A3, + A —— .
I <. 0 5.0 1
)al A4, g TSN
The system of equation: () which are 1o be nolued zioue § v o T

equation



5. AF aF s
S(Aa, ~—— + Aav——L + ... % da—— = R,) — = 0.
i “3a “%a Maa ' s
T 2 M i
Lettinrg
aFl aFi
a = Y ——
K N e}
J !
| an cak
and
3F.

T
i

™~

Py

we have the algebraic system of simuitaneous equations (2) written in
ratrix form

, 4
A Az M A f‘al\ ;""|\
‘Aa i

21 Moz Posoeee Aoy Aayt SByn
(5)

: 1 j !
i P Pwz o A Paw o B

Since Aj,k = Ak . the matrix system above is symmetric allowing only
“ne evaluation &f the upper triangle and making use of the square-root
methcd for solving symmetric systems of simultaneous equations [1,4,5].

“aving obtained the corrections 4da:, j = 1,2,3, ...M, they either satis-
fy the least-squares reqguirement w%en added to a%, giving the a; = a®

+ La:, or the newly formed a.'s give a new set o% first approximations
say B., und a new set of corfections ab; is evaluated. Convergence

for *he method may be said to have been”reached when no significant

chanze in the set of model parameters aj» j=1,2, ...Mis exhibited;
tnat is, when

results from cycle to cycle.



To apply the method of differential corrections curve fitting to a
computerized numerica! solution, one must use a numerical approximati:n
for each of the required partial derivatives

3F
—

aa9
J

as defined above. Use is made of a seven-point numerical formula
described below [6].

Given discrete points (a;, F.) nf a tabulated function F; = Fla;)
for i = =J, ~0J-1), ... =-1,0,1,2, ... J for eguispaced points a; with
aj4| - @; = h, the first derivative

.d—F:F'

da

evaluated at ay is given as follows:

v - _LZ_Z |, .4 A -
Fo = §F£FI F—l 6(6 Fl 8 F_]) + =5 (8 FI - &F )]

with &F, = Fi+|/2 - Fi—I,Z' This gives the formula

[ - - _ _ - -~ _
F0 [FI F—l |/6(F2 ZF' + zF_l F_Z)
I
*ogglFy = Fy =3(F, = F)) + 3(F = F ) =T+ 7))
! -
- - - - F - - - AT
30(FI FO 3¢ o F_I) + 3(F_l F_Z) F_z + F_i/J.

Use of this algorithm gives the required partial derivatives for the
differential corrections method described above. However, one may
improve on the evaluation of partial derivatives in the event that

one or more of the model parameters a. are used in a subfunction f of
the numerical routine. When these inéividual functions f (i.e., one

of the governing equations in the methematical formulation «f the
n-oblem) can be defined, it is recommended that the chain rule for col-
culating derivatives be used. Letting F be the main prog-er sclution

and f an intermediate solution, a subprogram, or the like, thern
aF . sfF .
P e
f Ga.

J

na.
This rule can provide better convergence ir the routine oo rite s,

%]
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EXAMPLES

Atmospneric Liffusion

An aftroscheric diffusion model for the prediction of contaminant con-
centraticns in the atmosphere will be treated with the curve-fitting
technigae creviously described. The concenfration C is a function of
downwind travel distance x and several atmospheric parameters, together
with erpirically determined constants. The mathematical theory used

is based upon the application of the similarity theory [7,8] of the
surface boundary layer as related Yo diffusion in the aftmosphere fo7.

The concentration function C(x; 3|, 35, 2z, a4) is given by
IK |
C == >
Lu, 7°(f(n) - fle
where
u
dx _
G—‘F = T (f(C) - f((,o)),

22 = pu, 800,

Pz =

dg

-
(0 - (df) )1/4,
= + -
£(1) |n(cc/go) B(z co)
where the sumbols wre defined as follows:
) = source strength

L = atmospheric parameter

atmospheric parameter

C
*
n

k = KArmian's constant

~pirical constant

A - Lwnaing travel gistance of substance



z vertical height coordinate

t time.

it

These representative equations for modeling otmospheric diffucion using
similarity theory htave been sclved numerically using a digital compu-
ter, The curve-fitting technique previously deccribed will be tfested
by evaluating the empirical constants c and i, and also by inserting
into the @ function two parameters to be fitted, a and @, given by

1=
i

_ df a
@y = (al (dc ) T2,
Original specifications for the a's are a, = | and 4, = /4,

For this example, a test case was developed by specifying c, 8, o,
and ay to generate a sample data deck. Then, approximations to ¢,

8, o), and ap are given, and by using the data the original parameters
will be recovered.

First only ¢ and 8 are evaluated as shown in Table I-A, Then c, g,
ay, and o, are evaluated together as given in Table 1-B. The results
of the test case show how model parameters for atmospheric diffusion
theories can be evaluated using field data and the curve-fitting tech-
nique described herein.

A Ballistic Missile

The curve-fitting technique was applied to the problem of determining
the drag coefficient of a ballistic missile using radar position data
of the missile during flight [1]. To use the data in a curve fit of
the type described, an accurate realistic model of the trajectory
during all phases of the missile's performance is required.

The ballistic model selected is a five-degree-of-freedom ballistic
missile trajectory and impact prediction digital computer program,

TRAJ [10], used for missile flight satety at White Sands Missile Range,
and also utilized in studies of metecorolcgical effects on a ballistic
missile by the Atmospheric Sciences Laboratory. Only the three posi-
tion coordinates relative to the launcher will be used in the test
case. Hence, X, Y, Z are the dependent variables*, and Mach number, m,

*
Differential corrections method appliecv to o vector-valued functicn
is described in Appendix A,
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Pl v Lrel te be the only independent variable of the model,
SittoLr trierwe are many input parameters to TRAJ, only the aerodynamic

i it ot the drag curve will be considered as influences on the
! [T 7'::‘3\}“‘"7’.

’ sorr s Juteerated by using a krown drag curve s input and put-
tier v oo, Y Lutput on data cards.  The input Jdrag curve was con-
LTl o iwe The characteristic shene and valuec of an actual drag

Sty bt rent drag ocurves are provided in the form of a table.
Teemthele s e oufd "piecewise” fit fur a drag function if no single
alresoior an te used.  tence the drag curve used i

5 (me 1)°
: m+
S o, x b oam 4+ 3)7) Exp(- ———)
s T ’3 °TTTo
wreeme i itially values for o, ap, and az are .25, .5, and .75, respec-
Yooy, beesults of the iteration process are given in Table |, The

‘irat arproximations were specified and the original values of the
tarsmeters were obtaired, fo a certain degree of accuracy.

SUMMARY

ihis recort describes a method of curve fitting for a broad class of
functions nnt representable by simpie terms in a closed-form expression.

. ‘yncticns can assume the identity of complex sequences of opera-
in a digital computer procram and yet have suitable properties
for Curve fitting., This *echnigue will afford considerably more flex-
ititity to the encineer or scientist who wishes to curve fit a function
tootiely tats without overly simplifying the function to be used. The
imvestizator Ccan now build a complex, sophisticated mathematical model
=f s ohysic sl process, sclve the equations numerically on a digital
comrLter and use fiele data and the method described here to find un-
nhcar Durametecs of the ohysical system,
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APPENDIX £

Suppose data have been observed in which there exicis more than . rie o=
pendent variable for a common independent variable. Then the oot o0l

be of the form (xi, QI) where 73 ic a vector of L componento, Lot
Fixi; Gy 8oy een ay) be a vector-valued funcrion of L orporents whicd
is to approximate the Yi in a least-squares sense, lae rrebfer 0o 4
find the best set of aj's, i= 1, z, ...M cuch that

M

“
—~
™
|
<
~
.
_—
-n
|
<

is a minimum, where the dot (+) represents the scolar tr Suct  f tu

vectors. Let the vector of differences Vi L

s
-
<>
i
-
i
~<

Setting a. = a% + Aa. and expanding ‘Al) in Taylrr crric.

i i

_ F . o o o _ .
V., = Fix.; 8!, Boy e dM) + ﬁc;?;c"' ‘.‘»—7*

- | S
-
5
1 L. -
+ La, = + ‘higher order terms) - 7 |
Maa i
M
[£ R, = V. = F% where F® = F(x.; =%, 2° ...3° +he
I I ! | i’ ;’ 1, 1
£
I r
S & LT T
“a
“he "'i"i"“v e
“ra i i
» y -...4. Av":’ e L " [ + it (ST SN e v .
\l
—_—
—— . s e



This aives far each | the eguation

: i W, F . . 8F,
S {48 gt A8y * e.. — - R.)e—p = 0.
R ey AaZaa, AaMBa i’ das
=] | 2 M J
Letting R .
N BF‘ aFi
AL, 2 Y =T T
S ey Ry 3y
a3 N
. oF
= IR, »—pg
: R
tner the syster of equaticns in matrix form is

AAL e ALY hal

| )
Il [ o R T
A A A ; '*a /B ".
%) ot T2z 20 2 | ©2¢
5 . L
i : e
} ' v,
\ . ?
o ’
A\ ; l\’\ ,
»f'\.e | A..’z P AV\M/ “.ar\‘ M/

the solution of which is identical to the solution given in the text.
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